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A B S T R A C T   

Low sorbent thermal diffusivity and off-the-shelf design of sorber beds have impeded the wide market adoption 
of sorption systems. In this study, graphite flakes are added to the sorbent to increase the thermal diffusivity and 
sorber beds are specifically designed and optimized for sorption systems. First, an analysis of variance is carried 
out to find the key parameters of sorber beds using the developed 2-D analytical models. It is shown that all 
components of the sorber bed, namely the sorbent, heat exchanger and heat transfer fluid, should be optimized 
simultaneously. Moreover, the specific cooling power (SCP) and coefficient of performance (COP) should be 
optimized simultaneously due to their conflicting trends. Thus, using the developed analytical models and multi- 
objective genetic algorithm, an optimization study is conducted. Based on the optimization results, two new 
sorber beds of finned-tube sorber bed heat and mass exchanger (F-HMX) and plate-fin sorber bed heat and mass 
exchanger (P-HMX) are designed, built, and tested in our custom-built two-sorber bed sorption test bed. The 
experimental results show that the present P-HMX can achieve an SCP of 1,005 W/kg sorbent, and a COP of 0.60 
which are higher than the previously published results in the literature. Furthermore, the F-HMX design yields an 
SCP of 766 W/kg and a COP of 0.55. It is shown that the P-HMX, which is specifically designed and optimized for 
sorption cooling systems, provides up to 4.3 times higher SCP, and 3 times higher COP compared to an off-the- 
shelf heat exchanger, an engine oil cooler coated with a similar composite sorbent consisting of CaCl2, silica gel 
B150 and PVA. The present P-HMX has been tested under a wide range of operating conditions: i) desorption 
temperature (60–90 ◦C); ii) sorption and condenser temperatures (20–40 ◦C); iii) evaporator temperature 
(5–20 ◦C); and iv) cycle time (10–20 min). The SCP in the range of 320–1,230 W/kg and COP of 0.40–0.80 are 
measured in our test bed over the targeted operating conditions.   

1. Introduction 

The global cooling energy demand is expected to triple by 2050, 
requiring new electricity capacity equivalent to the combined electricity 
capacity of the US, EU and Japan today [1]. Furthermore, the share of 
cooling in electricity peak loads is anticipated to increase, particularly in 
hot countries like India – where the share of air conditioning (AC) in 
peak electricity load could reach 45% in 2050, up from 10% today [1,2]. 
This increase in electricity peak load would require USD $3.183 trillion 
investments in power generation and electrical grid [2]. However, ad
vancements in cooling technology could lead to substantial reduction in 
the peak load, and hence, the required investments in new power plants 
and the electrical grid by 38% [2]. Advancements in cooling technology 
include: (i) performance enhancement of the current cooling technolo
gies; and (ii) development of cooling technologies powered with energy 

sources other than electricity. 
Vapor compression refrigeration (VCR) is currently the most used 

technology meeting market requirements [3], forming 99% of space- 
cooling energy consumption in the US [4]. However, VCR is powered 
by electricity, which is produced predominantly from fossil fuels, up to 
76% globally [5]. Moreover, VCR employs fluorocarbon refrigerants 
that contribute to climate change because of their greenhouse gas (GHG) 
effects. VCR systems contribute to about 10% of GHG emissions globally 
[6]. 

Sorption cooling systems (SCS) can be powered with low-grade 
thermal energy, i.e. heat sources with temperature<100 ◦C, such as 
waste heat and solar energy. Low-grade thermal energy is non-payable 
and abundant in different sectors [5]. In addition to cooling, sorption 
systems have shown potential for other applications, including heat 
pumping, heat upgrading, thermal energy storage, desalination, dehu
midification and gas separation. The advantages of SCS are non- 
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corrosive, non-toxic and environmentally-friendly sorption pairs with 
zero ozone depletion potential (ODP) and zero global warming potential 
(GWP), low desorption temperature, no moving parts, low noise level, 
low electricity consumption and low maintenance [7–9]. Nevertheless, 
the major disadvantages are low COP because of temperature swing 
between sorption and desorption and large size. The specific cooling 
power (SCP) per total mass of the system for SCS is 15.9–45.4 W/kg 
[10–15], versus 113–160 W/kg for VCR [16–18]. Such low SCP of SCS 
would result in heavy and bulky systems, which is the main impediment 
against the wide adoption of SCS. This paper aims to address two major 
limitations of sorption systems, namely:  

i. low specific cooling power (SCP), resulting from low sorbent thermal 
diffusivity and the use of off-the-shelf heat exchanger designs. High 
porosity of the sorbent materials, which is crucial for sorption mass 
transfer, results in low thermal conductivity that impedes their heat 
transfer. Furthermore, the off-the-shelf heat exchangers commonly 
used as the sorber bed heat and mass exchanger (S-HMX), such as 
radiators and coolers, are not designed and optimized for sorption 
systems and limit their performance;  

ii. low coefficient of performance (COP), in part due to the high thermal 
inertia of the currently used off-the-shelf heat exchangers in sorption 
systems. 

These issues are addressed by providing a new analytical approach 
for design and optimization of S-HMX for sorption systems, while 
minimizing their thermal inertia. 

Table 1 presents a summary of available studies in which optimiza
tion was conducted on the operating conditions and/or sorber bed heat 
exchanger design. Most studies optimize the variables and/or objective 
functions in an asynchronous manner, while the optimization should be 
performed simultaneously. In addition, the available studies with 
simultaneous optimization have not optimized all the S-HMX compo
nents, i.e., sorbent, heat exchanger and heat transfer fluid. 

Many researchers have developed sorber bed heat and mass ex
changers (S-HMXs) to tackle the issue of low performance of sorption 
cooling systems (SCS). A summary of the available studies with a 
compromise between specific cooling power (SCP) and the coefficient of 

performance (COP) is presented in Table 2. The performance has been 
enhanced considerably over the past decade; however, most of the 
performance enhancement can be attributed to the utilization of zeolite- 
based sorbents, such as SAPO-34 and AQSOA FAM Z02, which are rather 
expensive, due to their synthesis process [38]. Furthermore, majority of 
uptake in zeolite-based sorbents occurs in a narrow range of relative 
pressure, p/p0, which may limit their application to relatively high 
desorption temperature, i.e. heat source of 80–90 ◦C, and low condenser 
temperature, i.e. about 30 ◦C. The objective of this study is to develop an 
S-HMX that provides a high SCP and COP over a large range of operating 
conditions. 

In the present study, the geometrical, heat transfer characteristics 
and cycle time of the S-HMX are optimized simultaneously to achieve an 
optimal SCP and COP concurrently. To achieve this objective, first, an 
analysis of variance (ANOVA) is conducted to find the level of contri
bution of each parameter to the performance of the SCS. Subsequently, a 
simultaneous multi-objective optimization study is carried out to obtain 
a set of optimum solutions for SCP and COP. 

The sorbent material used is comprised of silica gel as the porous host 
matrix impregnated with CaCl2, and graphite flakes as thermally- 
conductive additives and PVA as the binder. In this paper, the mate
rial is called “sorbent” and the phenomenon is called “sorption” due to 
the simultaneous adsorption by silica gel and absorption by CaCl2. It 
should be noted that these composite sorbents have a lower cost and a 
higher market availability compared to the zeolite-based sorbents [39]. 
Moreover, the sorption performance of these composites takes place 
over the entire range of relative pressure, 0.06 < p/p0 < 0.4, which is 
more appropriate for air-conditioning applications [40]. 

2. Performance parameters 

Specific cooling power (SCP) is defined as the ratio of evaporative 
cooling energy to the product of cycle time and dry sorbent mass, Eq. 
(1). The SCP shows how fast the cooling energy can be delivered and 
how compact the sorption system is. For an SCS with an ideal evaporator 
and condenser, SCP can be increased by enhancing the heat and mass 
transfer processes in S-HMX. See Fig. A1 and Fig. A2 in Appendix A for a 
schematic of the S-HMX and parameters. 

Nomenclature 

b Fin height, m 
cp Specific heat capacity, J/kgK 
hfg Enthalpy of evaporation, J/kg 
Hc Channel height, m 
m Mass, kg 
p Pressure, Pa 
p0 Saturation pressure, Pa 
Q Energy, J 
r Fluid tube radius 
T Temperature, K 
t Time (s), thickness (m) 

Greek symbols 
τ Cycle time, s 
ϕ Graphite flake content in the sorbent, wt.% 
ω Sorbate uptake (g H2O/g dry sorbent) 

Subscripts 
c Fluid channel 
cond Condenser 
des Desorption 
evap Evaporator/evaporative 

eq Equilibrium 
f Fin 
sat Saturation 
s, sorb Sorbent 
sorp Sorption 

Abbreviations 
ANOVA Analysis of variance 
CEC Combined evaporator and condenser 
COP Coefficient of performance 
HEX Heat exchanger 
HR Heat recovery 
HTF Heat transfer fluid 
IEA International energy agency 
LGTE Low-grade thermal energy 
F-HMX Finned-tube sorber bed heat exchanger 
P-HMX Plate-fin sorber bed heat exchanger 
SCP Specific cooling power 
S-HMX Sorber bed heat exchanger 
SWS Selective water sorbent 
TCP Total cooling power 
TCS Temperature control system 
VSCP Volumetric specific cooling power  
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SCP =
Qevap

msorbτ =

msorb
∫

ads

dω
dt hfgdt

msorbτ =
Δω hfg@Tevap

τ (1)  

where, Qevap is the evaporative cooling energy (J), msorb is the sorbent 
mass (kg), τ is the cycle time (s), hfg is the sorbate enthalpy of evapo
ration (J/kg), and ω is the sorbate uptake (g sorbate/g sorbent). 

The coefficient of performance (COP) is defined as the ratio of 
evaporative cooling energy to the input energy, Eq. (2). The COP can be 
increased by: i) enhancing the heat and mass transfer processes inside S- 
HMX, which increases both the evaporative cooling energy and the 
desorption heat, which overall increases the COP; and ii) decreasing the 
sensible energy required to overcome the thermal inertia of the heat 
exchanger (HEX), sorbent material, refrigerant inside the sorbent and 
the heat transfer fluid. 

COP =
Qevap

Qinput
=

Qevap

Qsens + Qdes
=

msorb

∫

ads

dω
dt

hfgdt

∫

des

(
(
mHEXcp,HEX + msorb

(
cp,s + ωcp,w

) ) dT
dt

− msorb
dω
dt

hads

)

dt

(2)  

where, Qevap is the evaporative cooling energy (J), Qinput is the input 
thermal energy (J), Qsens is the thermal energy required to overcome 
thermal inertia of the sorber bed heat and mass exchanger (J), Qdes is the 
thermal energy consumed for desorption (J), msorb is the sorbent mass 
(kg), mHEX is the heat exchanger (HEX) mass (kg), hfg is the sorbate 
enthalpy of evaporation (J/kg), cp is the specific heat (J/(kg K)), ω is the 
sorbate uptake (g sorbate/g sorbent), T is the sorbent temperature (K), 
and hfg is the sorbate enthalpy of sorption (J/kg). 

Table 1 
Summary of the existing studies on optimization of sorption cooling systems.  

Ref. No. Optimization variables Objective functions Optimization 
type 

[19]  • Fin pitch 
fin length  

• Differential sorbate 
uptake 

Asynchronous 

[20]  • Cycle time 
Adsorption to 

desorption time  

• SCP 
COP 

Simultaneous 

[21]  • Adsorber diameter  • Differential sorbate 
uptake 

COP 

Asynchronous 

[22]  • Cycle time 
Mass recovery time  

• SCP 
COP 

Asynchronous 

[23]  • Desorption 
temperature 

Cooling temperature 
Heat transfer fluid 

flow rate 
Adsorption to 

desorption time 
Mass recovery time 
Heat recovery time  

• SCP 
COP 

Asynchronous 

[24]  • Fin pitch 
fin thickness 
fin height 
diffusion coefficient 
particle size 
cycle time 
cycle ratio 
temperature of hot 

water 
fluid velocity 
porosity  

• SCP 
COP 

Asynchronous 

[25]  • Desorption 
temperature 

Cycle time 
Heat and mass 

recovery time  

• SCP 
COP 

Simultaneous 

[26]  • Fin spacing  • Sorbent temperature 
difference 

Adsorber bed/ 
adsorbent mass 

Simultaneous 

[27]  • Cycle time  • VSCP 
COP 

Asynchronous 

[28]  • Cooling time 
mass recovery time 
heat recovery time  

• SCP 
COP 

Asynchronous 

[29]  • Cycle time  • SCP 
COP 

Asynchronous 

[30]  • Mass recovery time 
switch time 
cycle time  

• COP 
SCP 

Asynchronous 

[31]  • Fin height 
fin spacing  

• COP 
SCP 

Asynchronous 

[32]  • Cycle time 
Adsorption/ 

desorption time  

• COP 
SCP 

Asynchronous 

[33]  • Adsorption time 
Desorption time 
Particle diameter 
Number of fins  

• COP 
SCP 

Simultaneous 

[34]  • Cycle time 
mass recovery time 
preheating and 

precooling time  

• SCP 
COP 

Asynchronous 

[35]  • Fin spacing  • SCP 
COP 
TCP 

Asynchronous 

[36]  • Adsorption time 
desorption time  

• COP 
TCP 

Simultaneous 

[37]  • Desorption/adsorption 
time 

fin height 
fin number  

• SCP 
COP 

Asynchronous  

Table 2 
A summary of the available studies with a reasonable compromise between SCP 
and COP.  

Ref. Sorption pair S-HMX τ 
(min) 

Qevap 

(kW) 
SCP 
(W/ 
kg) 

COP 

[41] Coating silica 
gel +
CaCl2(SWS-1l)/ 
water 

Aluminum 
finned 
tube 

10 0.48 137 0.15 

[42] Coating 
AQSOA-FAM- 
Z02/water 

Extruded 
aluminum 
finned-tube heat 
exchanger 

– 0.442 295 0.21 

[43] Silica gel/water Aluminum 
finned 
tube 

6 1.9 158 0.29 

[44] Loose grain 
LiNO3–Silica 
KSK/water 
(SWS-9l) 

Aluminum 
finned flat 
tube 

6.4  318 0.176 

[20] Loose grain 
AQSOA-FAM 
Z02/water 

Aluminum 
finned flat 
tube 

7 0.155 394 0.6 

[45] Coating zeolite, 
SAPO-34/water 

Aluminum 
finned flat 
tube 

5  675 0.24 

[46] Coating SAPO- 
34/water 

Aluminum 
sintered metal 
fiber structures 
soldered on flat 
fluid channels 

10 5 852 0.4 

[47] Coating 
AQSOA-FAM- 
Z02/water 

Finned tube 
(copper) 

1.5 1.5 872 0.27 

[48] Coating silica 
gel + CaCl2/ 
water 

Aluminum 
finned-copper 
tube engine oil 
cooler 

10 0.306 235 0.2  
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3. Analysis of variance (ANOVA) 

Analysis of variance (ANOVA) is a systematic method that can be 
used to evaluate the impact of design parameters on the performance by 
calculating the sums of square, level of contribution, F-statistic ratio and 
p-value, see Ref. [49–51] and Appendix C for more details. In this study, 
the effect of S-HMX design parameters on the SCP and COP is investi
gated using ANOVA in MATLAB and the 2-D analytical model developed 
in our previous study for the P-HMX [48]. Also, a new 2-D analytical 
model has been developed for the F-HMX in cylindrical coordinate, 
described in Appendix A. A Box–Behnken design [52] with three levels 
of design parameters shown in Table 3 is used to generate the sample 
points. The design parameters used in Table 3 are shown in Fig. A1 and 

Fig. A2 in Appendix A. It should be noted that the effect of graphite flake 
content on the thermophysical properties and water uptake of the 
composite sorbent was studied in Ref. [40] and implemented in this 
paper. 

Fig. 1 shows the level of contribution of each design parameter to the 
SCP and COP for the two targeted sorber beds, the P-HMX and F-HMX. 
The following can be concluded:  

• The sorbent thickness and cycle time have the highest level of 
contribution to the SCP.  

• The fin thickness, fin height and the amount of graphite flake 
(thermally-conductive additive) in the sorbent have the second 
largest level of contribution to SCP. 

Fig. 1. The level of contribution of design parameters to the SCP and COP of the P-HMX and F-HMX, b: fin height, tf: fin thickness, ts: sorbent thickness, ϕ: graphite 
flake content in sorbent, τ: cycle time, HC: fluid channel height in the P-HMX, and, r1: fluid tube radius in the F-HMX, The design parameters are shown in Fig. A1 and 
Fig. A2 in Appendix A. More information on the level of contribution and the error is presented in Appendix C. 

Table 3 
Three levels of S-HMX design parameters.   

Level 
1 

Level 2 (baseline 
case) 

Level 
3 

Fin height (b (cm)) 1 2 3 
Fin thickness (tf (mm)) 1 2 3 
Sorbent thickness (ts (mm)) 1 2 3 
Graphite flake content in sorbent (ϕ (wt. 

%)) 
0 10 20 

Cycle time (τ (min)) 10 15 20 
Fluid tube radius (r1), fluid channel 

height (Hc/2 (mm)) 
2 3 4  

Table 4 
p-value of design parameters to the SCP and COP of the P-HMX and F-HMX.   

P-HMX F-HMX  
SCP COP SCP COP 

b 5.85e-6 6.66e-16 1.78E-15 7.77e-16 
tf 1.61e-8 8.14e-36 8.72E-13 3.19e-27 
ts 7.05e-28 2.76e-28 4.16E-26 1.39e-28 
ϕ 4.41e-11 6.66e-16 2.48E-7 2.86e-8 
τ 5.64e-34 2.58e-21 9.04E-36 3.33e-16 
r1, Hc/2 1.22e-2 1.03e-2 1.03E-2 2.75e-3  
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• The heat transfer fluid (HTF) channel height and tube radius have the 
lowest level of contribution to SCP.  

• Fin thickness and sorbent thickness have the largest impact on COP.  
• Cycle time, fin height and the amount of graphite flake in the sorbent 

have a relatively lower effect on COP.  
• The HTF channel height and fluid tube radius have the lowest impact 

on COP. 

Table 4 presents the p-value of each design parameter for the SCP 
and COP of the P-HMX and F-HMX. It can be seen that all of the design 
parameters have significant contribution to the SCP and COP because all 
the p-values are lower than a 0.05 level of significance. Hence, the entire 
S-HMX, consisting of the sorbent, heat exchanger and the heat transfer 
fluid, should be optimized simultaneously to achieve an optimal set of 
the SCP and COP. 

4. Optimization study 

As mentioned in Section 0, the sorber bed geometry, heat transfer 
characteristics and cycle time should be optimized simultaneously. 
Hence, using the 2-D analytical model and a multi-objective genetic 
algorithm, the geometry and heat transfer characteristics of both the P- 
HMX and F-HMX are determined to optimize the SCP and COP. The 
constraints are defined based on the parametric study in Ref. [6], and 
the ANOVA in Section 3. The variables are: i) fin height 1–3 cm; ii) fin 
thickness 0.5–3 mm; iii) sorbent thickness 1–3 mm; iv) graphite flake 
content 0–20 wt%; v) cycle time 10–20 min; and vi) fluid channel height 
4–8 mm or radius 2–4 mm. The multi-objective optimization problem 
can be represented as follows [53]. 

Fig. 2. The set of optimum solutions for the F-HMX, trade-off between the SCP and COP, b: fin height (r2-r1) (cm), tf: fin thickness (mm), ts: sorbent thickness (mm), ϕ: 
graphite flake content in sorbent (wt.%), τ: cycle time (min), r1: fluid tube radius (mm), see Fig. A2 in Appendix A for a schematic of the S-HMX and parameters. 

Fig. 3. A set of optimum solutions for the P-HMX, trade-off between the SCP and COP, b: fin height (cm), tf: fin thickness (mm), ts: sorbent thickness (mm), ϕ: 
graphite flake content in sorbent (wt.%), τ: cycle time (min), HC: fluid channel height (mm), see Fig. A1 in Appendix A for a schematic of the S-HMX and parameters. 
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min
wrt x→

[ − SCP, − COP]

x→=
[
b, tf , ts,ϕ, τ,Hc

] (3) 

Using the multi-objective genetic algorithm in MATLAB, 15,401 
times for the P-HMX, Cartesian analytical model; and 16,451 times for 
the F-HMX, cylindrical analytical model, were used to evaluate the SCP 
and COP. Function tolerance and crossover fraction were set to 1e-6 and 
0.8, respectively. The sets of optimum solutions for the F-HMX and P- 
HMX, i.e. the trade-off between the SCP and COP, are presented in Fig. 2 
and Fig. 3, respectively. The design that can achieve SCP of 757 W/kg 
and COP of 0.55 is selected for F-HMX, and the design with the SCP of 
976 W/kg and COP of 0.60 is selected for P-HMX, due to an optimal 
compromise between SCP and COP. P-HMX and F-HMX optimum design 
is built and tested, which is discussed in the following sections. It should 
be noted that all the design points in Fig. 2 and Fig. 3 are optimum and 
they could be selected based on the application. For example, points 
with higher COP could be selected for applications with a limited 
amount of heat source, while points with higher SCP could be chosen if 
the system mass is the main constraint. Moreover, the same ANOVA and 
optimization study can be conducted for different sorption systems by 
changing the operating conditions and the objective functions, such as 
thermal energy storage capacity, specific heating power, moisture 
removal capacity, etc. 

5. Characteristics of P-HMX and F-HMX 

Two sorber bed heat and mass exchangers of the P-HMX and F-HMX 
were built based on the optimization study in Section 4. The specifica
tions of the P-HMX and F-HMX are presented in Table 5. Fig. 4 (a) shows 
two halves of the P-HMX with fin side and fluid channel side. The 
spacing between the fins, the serpentine HTF channels and the half- 
circle regions for the aluminum tube were machined out of two 
aluminum 6061 plates using our CNC milling machine. Moreover, male 
and female connections were machined on the plates for alignment. 
After that, two halves of the P-HMX and two aluminum tubes were 
welded together. Building the P-HMX by extrusion can reduce the 
manufacturing cost significantly, but it increases the capital cost due to 
the die required; hence, it may be more suitable for mass production. 

Fig. 5 (a) shows the aluminum finned-tubes fabricated to manufac
ture the F-HMX. The aluminum finned-tubes were built using our CNC 

Fig. 4. (a) Two halves of the P-HMX showing the fin side and the fluid channel 
side; and (b) an assembled P-HMX coated with the composite sorbent, silica gel, 
CaCl2, PVA and graphite flakes. 

Fig. 5. (a) One aluminum finned-tube; and (b) an assembled F-HMX coated 
with the composite sorbent, silica gel, CaCl2, PVA and graphite flakes. 

Table 5 
Specifications of the P-HMX and F-HMX.  

Characteristics P- 
HMX 

F- 
HMX 

Fin height (cm) 1 1.1 
Fin thickness (mm) 1 1.1 
Fin spacing (mm) 4 4.4 
Fluid channel height/fluid tube diameter (mm) 4 4 
Fluid channel width (cm) 1.27 – 
Total length without the tubes (cm) 31 32 
Total width (cm) 20 20 
Tube outer diameter (cm) 1.9 1.9 
Tube length (cm) 12 12 
Volume of the S-HMX without the tubes outside the vacuum 

chamber (L) 
1.7 2.05 

Volume of the S-HMX filled with sorbent (L) 0.974 0.655 
Heat transfer surface area between the sorbent and the heat 

exchanger (m2) 
0.577 0.327 

Mass of the heat exchanger without sorbent coating and tubes 
outside the vacuum chamber (kg) 

1.72 1.04 

Mass of sorbent coating (kg) 0.587 0.379 
Mass of heat transfer fluid (water) (kg) 0.498 0.123 
Ratio of sorbent mass to the heat exchanger mass (msorb/mHEX) 0.34 0.36 
Mass percentage of silica gel B150 39 37.5 
Mass percentage of CaCl2 39 37.5 
Mass percentage of PVA 10 10 
Mass percentage of graphite flakes 12 15  
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lathe machine, and welded to an aluminum tube as a header. Two plugs 
were machined and welded to the ends of the aluminum tube header. 
The diameter of the finned-tubes is 4 mm, and the tube header diameter 
is 13 mm; thus, the pressure drop in the finned-tubes is two orders of 
magnitude larger than that of the tube header; consequently, the fluid 

flow in the eight finned-tubes can be assumed uniformly distributed. 
Polyvinyl alcohol (PVA) binder (Sigma-Aldrich) was dissolved in 

distilled water. Subsequently, CaCl2 and silica gel (SiliaFlash® B150, 
Silicycle, Inc., Quebec, Canada, with diameter of 250–500 μm and 
average pore size of 15 nm) and graphite flakes (consisting of both 150 
μm fine particles and thin flakes up to 1.3 mm long, Sigma-Aldrich) were 
added to the aqueous solution. More information about the composite 
sorbents and their selection can be found in Ref. [40]. Subsequently, the 
solution was heated on a hot plate until most of the water was evapo
rated and the solution became viscous. Afterwards, the fin spacings of 
the P-HMX and F-HMX were filled with the slurry solution of the opti
mum composite sorbent shown in Table 5. Finally, the composite sor
bent was dried at 80 ◦C and then cured at 180 ◦C in the oven. Fig. 4 (b) 
and Fig. 5 (b) show the assembled P-HMX and F-HMX coated with the 
optimum composite sorbent. 

6. Experimental study 

Fig. 6 shows the schematic and the picture of two-sorber bed sorption 
test bed custom-built to test the P-HMX and F-HMX side-by-side. The P- 
HMX and F-HMX were placed inside aluminum vacuum chambers on the 
sides, a custom-designed capillary-assisted evaporator was positioned in 
the bottom aluminum vacuum chamber, and two helical coil and shell 
heat exchangers were used as a condenser at the top. Check valves were 
installed between the S-HMXs and the condenser and gate valves were 
installed between the evaporator and the S-HMXs. A needle valve with 
high precision flow adjustment (Speedivalve SP16K, Edwards) and a U- 
tube were installed between the condenser and the evaporator. The test 
bed was vacuumed for 6 h before the tests. Two temperature control 
systems were used to keep the evaporator at 15 ◦C and the condenser at 
30 ◦C to mimic the cooling zone and the ambient, respectively. 
Furthermore, two temperature control systems were set to 90 ◦C and 
30 ◦C for desorption and sorption processes, to mimic the heat source 
and the ambient, respectively. Two four-way valves were employed to 
switch the heat transfer fluid between two S-HMXs for desorption and 
sorption processes. One of the four-way valves was set to have a delay at 
the beginning of each process to push the high- and low-temperature 
heat transfer fluid in S-HMXs and hoses back to high- and low- 
temperature reservoirs of temperature control systems to perform a 
heat recovery process. The time delay was calculated as 10 s based on 
the flow rate of the heat transfer fluid and the fluid volume in the sorber 
beds and the hoses. The resistance temperature detector (RTD) (PT100) 
temperature sensors (Omega, model #PR-13–2-100–1/8–6-E) with an 
accuracy of 0.15 ◦C and pressure transducers with a 0–34.5 kPa oper
ating range (Omega, model #PX309-005AI) and 0.4 kPa accuracy were 
installed to monitor and record the temperature and pressure variations 
in each component of the sorption test bed over time. Positive 
displacement flow meters (FLOMEC, Model # OM015S001-222) with an 
accuracy of 0.5% of reading were installed to measure the flow rate of 
the heat transfer fluid of the condenser, evaporator and the cooling 
circuit of the S-HMX. Since the positive displacement flow meters may 
impede the flow at higher temperatures, ultrasonic flowmeter (Kobold 
model DUK-1xx6) with accuracy of 0.7% of reading was used to measure 
the flow rate of the high-temperature heat transfer fluid to the S-HMXs. 
The instruments were interfaced with a PC through a data acquisition 
system and in-house software built in the LabVIEW environment. Ex
periments were performed continuously until the system reached an 
oscillatory steady state. The maximum uncertainties in the calculations 
of the SCP and COP were calculated to be 10.6% and 12.5%, respec
tively. More information on the custom-designed capillary-assisted 
evaporator can be found in Ref. [54]. More information on uncertainty 
analysis is presented in Appendix B. 

Fig. 6. (a) A schematic; and (b) a picture of two-sorber bed sorption test bed, 
capillary-assisted evaporator in the chamber at the bottom, P-HMX and F-HMX 
in the chambers on the sides, two helical coil and shell heat exchangers as 
condenser at the top. 
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7. Results and discussion 

Fig. 7 shows the temporal variation of: (a) pressure of the P-HMX, F- 
HMX, condenser and evaporator; (b) inlet and outlet temperatures of the 
HTF to evaporator; (c) inlet and outlet temperatures of the HTF to the P- 
HMX and F-HMX; and (d) the temperatures of inlet and outlet HTF, fin 
and sorbent in the F-HMX, for Tdes = 90 ◦C, Tsorp = Tcond = 30 ◦C, Tevap =

15 ◦C and τcycle = 10 min. The following can be concluded from Fig. 7:  

• The sorber bed pressures are higher than that of the condenser during 
desorption and lower than that of the evaporator during the sorption 
to cause condensation and evaporation, respectively. The P-HMX can 
cause higher pressure levels during desorption and lower pressure 
during sorption due to: (i) higher performance of the P-HMX; and (ii) 
more sorbent material of the P-HMX compared to the F-HMX (0.587 
kg vs 0.379 kg). However, after the desorption process with each 
sorber bed, the condenser pressure approaches 4.2 kPa, which is the 
saturation pressure at 30 ◦C.  

• The temperature difference between the inlet and outlet HTF of the 
evaporator in Fig. 7 (b) indicates the cooling power generated by the 
P-HMX and F-HMX. The half-cycles with minimum temperature 
about 13.5 ◦C correspond to the P-HMX. The reasons for higher 
cooling power provided by the P-HMX are: (i) higher performance of 
the P-HMX; and (ii) more sorbent material of the P-HMX compared to 
the F-HMX (0.587 kg vs 0.379 kg).  

• Fig. 7 (c) shows that the temperature differences between the inlet 
and outlet HTF to the P-HMX is smaller than the F-HMX because the 
flow rate is higher when the temperature control systems (TCS) are 
connected to the P-HMX compared to the F-HMX due to higher 
pressure drop of the F-HMX. For example, the flow rates of the P- 
HMX and F-HMX are 11.45 l/min and 4.23 l/min during desorption, 
respectively. Based on the experiments and the analytical models, 
the performance of the P-HMX and F-HMX does not change signifi
cantly for flow rates higher than 2 l/min because the HTF thermal 
resistance is not the controlling component.  

• Fig. 7 (d) shows that the average fin temperature of the F-HMX is 
close to the HTF outlet temperature. Moreover, the average sorbent 
temperature has a bump with a delay after the beginning of each 
sorption and desorption process. After this point, there is a higher 
temperature difference between the sorbent and the fin. The reason 
is that due to the thermal inertia of the S-HMX, there is a delay in the 
time when the sorbent temperature is high enough for desorption 
and low enough for sorption. This delay can be observed in Fig. 7 (a) 
when the S-HMX pressure is almost equal to that of evaporator and 
condenser, and the sorption and desorption processes begin. It takes 
the sorber beds a specific time (in this case about 25 s) to reach the 
evaporator and condenser pressure to start the sorption and 
desorption due to thermal inertia. We open the valves when that 
happens, otherwise the beds would desorb to the evaporator instead 
of adsorbing. 

Fig. 7. Temporal variation of: (a) pressure of the P-HMX, F-HMX, condenser and evaporator; (b) inlet and outlet temperatures of the HTF to evaporator; (c) inlet and 
outlet temperatures of the HTF to the P-HMX and F-HMX; and (d) temperatures of inlet and outlet HTF, fin and sorbent in the F-HMX, for Tdes = 90 ◦C, Tamb = 30 ◦C, 
Tevap = 15 ◦C and τcycle = 10 min; the HTF: heat transfer fluid. 
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7.1. Performance evaluation of P-HMX and F-HMX 

The baseline case for the operating conditions of sorption air- 
conditioning is considered as the following: Tdes = 90 ◦C, Tsorp =

Tcond = 30 ◦C, Tevap = 15 ◦C, and τcycle = 10 min. Performance param
eters of the SCP and COP are calculated based on Eqs. (1) and (2). For the 
baseline case, the P-HMX achieves a SCP of 1,005 W/kg sorbent and a 
COP of 0.60, whereas the F-HMX yields a SCP of 766 W/kg and a COP of 
0.55. Fig. 8 shows the performance of the P-HMX and F-HMX versus the 
previously published studies in Table 2. It can be seen that the P-HMX 
provides the highest SCP and COP using the composite silica gel/CaCl2 
sorbent whose sorption occurs over the entire range of relative pressure 
0.06 < p/p0 < 0.4, suitable for AC application [40]. On the other hand, 
zeolite-based sorbents, such as SAPO-34 and AQSOA FAM Z02, were 
used in Ref. [13,42,38–40], whose sorption takes place in a narrow 
range of p/p0, which limits the application to relatively high desorption 
temperature, i.e. heat source of 80–90 ◦C, and low condenser tempera
ture, i.e. temperature about 30 ◦C. It can be seen that the P-HMX pro
vides 4.3 times higher SCP, and 3 times higher COP compared to an off- 
the-shelf heat exchanger, an engine oil cooler coated with a composite 
sorbent consisting of CaCl2, silica gel B150 and PVA, presented in 
Ref. [48]. It clearly demonstrates the potential of specific design and 
optimization of the S-HMX for the SCS. 

7.2. Effect of operating conditions 

To investigate the effect of operating conditions on the P-HMX and F- 
HMX, the baseline case of Tdes = 90 ◦C, Tsorp = Tcond = 30 ◦C, Tevap =

15 ◦C and τcycle = 10 min was selected and one parameter was varied 
while the others were kept constant. Fig. 9 shows the variation of the 
SCP and COP of the P-HMX and F-HMX with cycle time and the 
desorption, sorption, condenser and evaporator temperatures. A good 
agreement between the developed 2-D analytical model [48] and the 
experimental results can be seen, with an average and maximum relative 
differences of 3% and 7%, respectively. The following can be concluded 
from Fig. 9:  

• As expected, by decreasing the cycle time, SCP increases as the 
sorption rate is higher at the beginning of sorption and reduces as the 
sorbent approaches saturation. Also, by decreasing the cycle time, 
the COP reduces because the heat required to overcome the S-HMX 
thermal inertia increases compared to the heat needed for 
desorption.  

• By increasing the desorption temperature, the SCP increases because 
the differential water uptake between sorption and desorption in
creases as indicated in Fig. 10 (a). By increasing the desorption 
temperature, the COP increases and then decreases; thus, there is an 
optimum desorption temperature corresponding to maximum COP. 
The reason is the conflicting effects of increasing the SCP and 
increasing the sensible energy required to overcome the S-HMX 
thermal inertia due to higher temperature difference between 
desorption and sorption, by increasing the desorption temperature. 

• By increasing the sorption and condenser temperature, the SCP re
duces as the differential water uptake between sorption and 
desorption decreases as shown in Fig. 10 (b). Furthermore, by 
increasing the sorption and condenser temperature, the COP remains 
almost constant. The reason is the counteracting effects of decreasing 
the SCP and decreasing the sensible energy required to overcome the 
S-HMX thermal inertia due to a lower temperature difference be
tween desorption and sorption, by increasing the sorption 
temperature.  

• By increasing the evaporator temperature, both the SCP and COP 
increase because of higher differential water uptake between sorp
tion and desorption as shown in Fig. 10 (c). 

8. Conclusion 

The analytical design tool developed in our previous work for sorber 
bed heat and mass exchangers (S-HMX) with plate fin heat and mass 
exchanger (P-HMX) in Cartesian coordinate, was applied and extended 
to a finned-tube heat and mass exchanger (F-HMX) in cylindrical coor
dinate system. The level of contribution of the S-HMX design parameters 
to the SCP and COP showed that the entire S-HMX, consisting of the 
sorbent, heat exchanger and the heat transfer fluid should be optimized 
simultaneously to achieve an optimal SCP and COP. To this end, a multi- 
objective optimization study was performed; a design with an SCP of 
976 W/kg and a COP of 0.60 for the P-HMX, and a design with an SCP of 
757 W/kg and a COP of 0.55 was selected for the F-HMX. The two new S- 
HMX designs were built based on the optimization study on the char
acteristics of the S-HMXs, consisting of the sorbent, heat exchanger and 
heat transfer fluid, namely: i) fin thickness; ii) fin height; iii) sorbent 
thickness; iv) fluid channel height; v) the amount of thermally- 
conductive additive in the sorbent; and vi) cycle time. It was shown 
that compared to the state-of-the-art, the new P-HMX provided the 
highest SCP, i.e. 1,005 W/kg sorbent, and the highest COP of 0.60. The 
results showed that by using the proposed optimization approach of the 
S-HMX, the performance could be increased significantly, i.e. 4.3 times 
higher SCP, and 3 times higher COP, compared to an off-the-shelf S- 
HMX, an engine oil cooler. The present P-HMX was tested under various 
operating conditions: i) desorption temperature, 60 to 90 ◦C; ii) sorption 
and condenser temperature (20–40 ◦C); iii) evaporator temperature 
(5–20 ◦C); and iv) cycle time (10–20 min). A SCP in the range of 
320–1230 W/kg and a COP of 0.40–0.80 were measured in our test bed 
over the range of targeted operating conditions. 

Fig. 8. Comparison of the P-HMX and F-HMX versus the available studies in 
Table 2 in terms of the SCP and COP. 
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Fig. 9. Variation of SCP and COP of P-HMX and F-HMX with cycle time and temperatures of desorption, sorption, condenser and evaporator.  
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Appendix A. . Model development 

A 2-D analytical model was developed in Cartesian coordinate for the P-HMX in our previous study [48], the solution domain is shown in Fig. A1. 
In this section, a similar analytical model is developed in cylindrical coordinate system for the F-HMX. The solution domain of the F-HMX, shown in 

Fig. A2, can be used to predict the performance of the entire S-HMX. The assumptions in the model development are exactly the same as those of 
Ref. [48]:  

• The heat transfer fluid is assumed to have a constant temperature along the solution domain;  
• The boundaries of the sorbent and the fin, which are in contact with low-pressure refrigerant vapor, are assumed adiabatic;  
• The thermophysical properties of the sorbent and the HEX are assumed constant. Averaged values over the range of operating conditions are used;  
• The convection term in the energy equation, which accounts for the sorbate convection inside the sorbent coating, is assumed negligible; and  
• The sorbent coated on the tube in the gap between the sorbent coatings on the fins, i.e. tfs shown in Fig. 1, is neglected as tfs is much smaller than the 

fin height. 

The justification of the assumptions are presented in Ref. [48]. 
The energy equation for the sorbent layer and the fin in cylindrical coordinates can be written as follows. 

Fig. 10. The range of differential water uptake and p/p0 for different temperatures of desorption, sorption and condenser and evaporator, isotherm plots are for 
composite sorbents with 39 wt% silica gel B150, 39 wt% CaCl2, 10 wt% PVA binder and 12 wt% graphite flakes [40] 
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∂Ti

∂t
= αi,r

(
∂2Ti

∂r2 +
1
r

∂Ti

∂r

)

+ αi,y
∂2Ti

∂y2 +
1

(
ρcp

)

i

Gi(t)

Ti(r, y, t)

i = s, f

(A1)  

Gi(t) =

⎧
⎨

⎩

ρshads
dω
dt

, i = s

0, i = f
(A2) 

where, i = s, f represents the sorbent and fin domains, respectively. The convective boundary conditions are: 

1
Rs

(
Ts(r1, y, t) − Tfluid

)
= ks

∂Ts(r1, y, t)
∂r

(A3) 

Fig. A2. (a) A 3D schematic; and (b) the solution domain for a finned-tube heat and mass exchanger (F-HMX).  

Fig. A1. Solution domain used in the 2-D analytical model for plate-fin heat exchanger in Cartesian coordinate system [48]  
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1
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(
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) (
Km2

W

)

(A6) 

where, the convective heat transfer coefficient is calculated by the correlation proposed by Gnielinski [55] as follows: 

h = 0.012
kw

2r1

(
Re0.87 − 280

)
Pr0.4 (A7) 

The adiabatic boundary conditions are: 

∂T(r2, y, t)
∂r

= 0 (A8)  

∂Ts
(
r, ts + tf , t

)

∂y
= 0 (A9) 

Due to symmetry, one can write the following for the lower side of the fin: 

∂Ts
(
r, ts + tf , t

)

∂y
= 0 (A10) 

The continuity of heat flux, as well as the temperature jump/drop created by thermal contact resistance (TCR) are considered at the interface 
between the sorbent coating and fin as follows: 

kf ,y
∂Tf

(
r, tf , t

)

∂y
= ks

∂Ts
(
r, tf , t

)

∂y
(A11)  
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(
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)
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1
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(
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(A12) 

The following non-dimensional variables can be defined.   

θ =
T − Tfluid

T0 − Tfluid  
ξ =

y
ts + tf  

η =
r
r2  

Bis =
r2

Rsks  
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r2

Rf kf  
κ =
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Λ =
ts + tf

kyTCR A  
Fo =

tαr

r22  
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r2

ts + tf  

μy
2 =

αy

αr  
μs

2 =
αs

αr  
δf =

tf
ts + tf  

δr =
r1

r2      

where, θ is the dimensionless temperature, the Fourier number, Fo, is the dimensionless time, ξ and η are the dimensionless cylindrical coordinates. 
Using the aforementioned dimensionless variables, the dimensionless energy equation can be obtained as follows: 

∂θi

∂Fo
= μi,η

2
(

∂2θi

∂η2 +
1
η

∂θi

∂η

)

+
(
μi,ξδ

)2∂2θi

∂ξ2 + gi(Fo)

θi(η, ξ,Fo)

i = s, f

(A13) 

where 

gi(Fo) =

⎧
⎪⎨

⎪⎩

(1 − ε)hads

cp,s
(
T0 − Tfluid

)
dω
dFo

, i = s

0, i = f
(A14)  

μi,η =

{
1, i = f
μs, i = s (A15)  

μi,ξ =

{
μy, i = f
μs, i = s (A16) 

Water uptake can be modelled in terms of the operating conditions, i.e. pressure and temperature of the sorber bed. A linear relationship is ob
tained between the water uptake and sorbent temperature for each pressure during the isobaric sorption and desorption processes. Detailed expla
nation is presented in Ref. [48]. 
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The dimensionless boundary conditions are: 

∂θs(δr, ξ,Fo)
∂η − Bisθs(δr, ξ,Fo) = 0 (A17)  

∂θf (δr, ξ,Fo)
∂η − Bif θf (δr, ξ,Fo) = 0 (A18)  

∂θs(η, 1,Fo)
∂ξ

= 0 (A19)  

∂θ(1, ξ,Fo)
∂η = 0 (A20)  

∂θf (η, 0,Fo)
∂ξ

= 0 (A21)  

∂θf
(
η, δf ,Fo

)

∂ξ
= κ

∂θs
(
η, δf ,Fo

)

∂ξ
(A22)  

−
∂θf

(
η, δf ,Fo

)

∂ξ
= Λ

(
θf
(
η, δf ,Fo

)
− θs

(
η, δf ,Fo

))
(A23) 

The dimensionless energy equation, Eqs. (A13)–(A23), is solved using the Eigenfunction Expansion Method. The solution methodology is explained 
in Ref. [48] in detail. The difference between the present model, F-HMX, versus Ref. [48], the P-HMX, is the eigenvalue problem in η direction. In 
Cartesian coordinates, the eigenfunctions in η direction are sinusoidal, whereas in cylindrical coordinate, they are in the form of Bessel functions. 

Based on Eqs. (A13)–(A23), the following eigen-value problem can be established in η direction. 

Φ′ ′ +
1
ηΦ′

+ γ2Φ = 0 (A24)  

Φ′

− Bi Φ = 0@η = δr (A25)  

Φ′

= 0@η = 1 (A26) 

The following transcendental equation is obtained to evaluate the eigenvalues. 

− γJ1(γδr)+
γJ1(γ)
Y1(γ)

Y1(γδr) − BiJ0(γδr)+Bi
J1(γ)
Y1(γ)

Y0(γδr) = 0 (A27) 

The eigenfunction associated with each eigenvalue are given as follows: 

Φ = J0(γη) − J1(γ)
Y1(γ)

Y0(γη) (A28) 

where, Bessel functions of the first and second kind are: 

Jm(η) =
∑∞
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( − 1)k
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(η
2

)2k+m
(A29)  

Ym(η) = lim
α→m

(
Jα(η)cos(απ) − J− α(η)

sin(απ)

)

(A30) 

where, m is an integer. Furthermore, the coefficient of Gamma function needs to be updated 
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The rest of the solution is similar to that of Cartesian coordinate presented in Ref. [48]. A code is developed in MATLAB that calculates the ei
genvalues and eigenfunctions in η and ξ (non-dimensional) coordinates as well as Gamma function as a function of Fourier number (dimensionless 
time). The closed-form of the dimensionless transient 2-D temperature domain is found in a series form as follows: 

θ(η, ξ,Fo) =
∑∞

n=1

∑∞

m=1
Φn(η)ψnm(ξ)Γnm(Fo) (A33) 

Our study indicates that the first term in eigenfunction Φ (n = 1) and one term in eigenfunction ψ (m = 1) yield the accuracy of 99% in the 
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temperature distribution calculation. Each run takes about 1.5 min on a 3.4 GHz PC. 
Appendix B. . Uncertainty analysis 

The uncertainty in the calculation of evaporative cooling energy and desorption energy is obtained based on the method proposed by Moffat [56], 
as follows: 
(
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)2

=
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δṁ
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)2

+
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)2

+
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)2

= 0.00439 (B2) 

Specific cooling power (SCP) is defined as the ratio of evaporative cooling energy to the product of cycle time and dry sorbent mass, Eq. (B3). The 
coefficient of performance (COP) is defined as the ratio of evaporative cooling energy to the desorption energy, Eq. (B4). 

SCP =
Qevap

msorbτcycle
(B3)  

COP =
Qevap

Qdes
(B4) 

The uncertainty in SCP and COP calculation is as follows: 

δSCP
SCP

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

δQ
Q

)2

+
(δm

m

)2
+
(δτ

τ

)2
√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

0.01125 +

(
1

600

)2

+

(
1

1200

)2
√

= 0.106 (B5)  

δCOP
COP

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
δQevap

Qevap

)2

+

(
δQdes

Qdes

)2
√

=
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
0.01125 + 0.00439

√
= 0.125 (B6)  

Appendix C. . Analysis of variance (ANOVA) 

The analysis of variance (ANOVA) is a systematic method that can be used to evaluate the impact of design parameters on the performance by 
calculating the sums of square, level of contribution, F-statistic ratio and p-value [49]–[51]. First, we generate the sample points of variables, e.g. 
using the Box–Behnken design [52] with three levels of design parameters shown in Table 3. Since each variable has three levels, the degree of freedom 
is equal to 2. Based on the sample points generated by Box–Behnken design, the objective functions are evaluated using the analytical models, each 
objective function is shown by Xj. Xj represents the average of objective functions for each variable, and X indicates the average of Xj for all the 
variables. With these definitions, the sums of squares, mean squares, F-statistic ratio, and level of contribution (ρ) can be calculated as shown in 
Table C1. nj shows the sample size in the jth group (or the number of variables). F-statistic ratio represents the variability between treatment or the 
ratio of (differences among the sample means) / (an estimate of the variability in the outcome). The greater the F, the more significant effect that 
parameter has as it can cause more variation. 

To examine whether a variable has a significant impact on the objective function, the Null hypothesis is employed as follows. 
H0: Null hypothesis, which hypothesizes that all the means are equal: μ1 = μ2 = μ3 … = μk (j = 1, 2, 3, …, k). If this hypothesis is true, then the 

variable does not cause significant variation as all the means are equal; thus, the variable has an insignificant impact on the objective function. 
p-value ≤ α: Reject H0. The differences between some of the means are statistically significant, which means it has significant impact. 
p-value > α: The differences between the means are not statistically significant, which means it has negligible impact. 
α = significance level (usually 0.05). It means that there is 5% chance that Null hypothesis was wrong and that parameter is significant. 
The p-value can be calculated based on the F-statistic ratio, significance level (α), degree of freedom of the treatment for each variable and degree 

of freedom of errors, shown by Fα, df1, dfE. MATLAB was used to obtain the p-values for Fα, df1, dfE. The greater the F, the smaller the p-value. 

Table C1 
Sums of square, level of contribution (ρ) and F-statistic ratio in the ANOVA.  

Variables Sums of square (SS) Degrees of freedom (df) Mean squares (MS) F ρ (%) 

b 
SSB =

∑
nj

(

Xj − X
)2  k-1 = 2 MSB = SSB/(k-1) MSB/MSE SSB/SST 

tf  2    
ts  2    
ϕ  2    
τ  2    
r1, Hc/2  2    
Error (residual) 

SSE =
∑∑

(

X − Xj

)2  N-k = 54–12 = 41 MSE = SSE/(N-k)  SSE/SST 

Total SST =
∑∑(

X − X
)2  N-1 = 53     
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